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Recently, Yu and Oh [Phys. Rev. Lett. 108, 030402 (2012)] have conjectured that the simplest 
set of vectors needed to prove state-independent contextuality on a qutrit requires 13 vectors. Here 
we first prove that a necessary and sufficient condition for a set of vectors in any dimension d > 3 
to prove contextuality for a system prepared in a maximally mixed state is that the graph Gc 
in which vertices represent vectors and edges link orthogonal ones has chromatic number x(G'g) 
larger than d. Then, we prove Yu and Oh's conjecture. Finally, we prove that any set satisfying 
x{Gg) > d assisted with d-party maximum entanglement generates nonlocality which cannot be 
improved without violating the no-signalling principle. This shows that any set satisfying x(G'g) > d 
is a valuable resource for quantum information processing. 
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One of the most intriguing aspects of the quantum 
world is the so-called state-independent contextuality 
(SIC) of results. For every physical system of dimension 
d > 3 obeying the laws of quantum mechanics (QM), 
there is always a finite set of tests whose results can- 
not be assigned independently of which other tests are 
performed. Unlike quantum nonlocality, which can be 
proven only for composite systems in entangled states, 
quantum contextuaUty may be state-independent; For 
any d > 3, the same set of tests proves contextuality for 
any state of the system. 

For years, SIC has been based on a mathematical re- 
sult pointed out by Kochen and Specker (KS) [J, Q and 
Bell the existence of sets of projectors onto vectors 
in dimension d > 3, representing yes-no tests, for which 
there is no map / : — >■ {1,0}, i.e., no assignment 
of results yes or no, such that for all orthonormal bases 
b C C*, X;^gfc/(w) = 1. These sets are called KS sets. 
The first KS set had 117 vectors in the simplest 

known KS set in has 31 vectors and the simplest 
KS set has 18 vectors (in C*) [5]. Compact proofs of SIC 
based on Pauli operators rather than vectors, such as 
those introduced by Peres and Mermin [^, 0] , can always 
be expressed in terms of KS sets: The common eigen- 
states of the commuting Pauli operators constitute a KS 
set of vectors |8„ JJ . This fundamental role attributed to 
KS sets explains the interest in methods to obtain new 
KS sets Il0l4l3| , games with quantum advantage based 



on KS sets [14 ^ [15|, experimental tests of SIC based on 
KS sets |16l42C| . and Bell inequalities based on KS sets 



24| 



For all these reasons, Yu and Oh's recent observation 
(25} that a set of vectors which is not a KS set can be 
used to prove SIC came up as a surprise. Yu and Oh 
show that a noncontextuality inequality (i.e., a corre- 
lation inequality satisfied by any noncontextual theory) 
using 13 vectors in for which the KS map does exist 
works equally well as a SIC proof. Moreover, Yu and 



Oh conjectured that this 13-vector set is the one with 
the smallest number of vectors needed to prove SIC. An- 
other example of a set of vectors which is not a KS set 
but proves SIC is the 21-vector set in Ref. (26j . 

Some natural questions arise as a result of these exam- 
ples: What is the common property of all KS sets and 
the sets in Refs. and \26\7 What is necessary for a 
set of vectors to prove SIC? Which of these proofs is the 
simplest? What is the connection between these proofs 
and quantum nonlocality and its applications for infor- 
mation processing? The aim of this Letter is to answer 
all these questions. 

Theorem 1 (Necessary condition for SIC): A nec- 
essary condition for a set C — \vi\ C (representing 
a set of yes-no tests ) to reveal SIC is that the graph Gc 
in which the vertices are the vectors in C and edges link 
vectors if and only if they are orthogonal has chromatic 
number greater than d. 

The chromatic number of a graph G, denoted by x(G), 
is the minimum number of colors d such that there exists 
a proper d-coloring of G. A proper d-coloring of a graph 
is an assignment of d colors to the vertices of the graph 
such that adjacent vertices have different colors. 

Proof: Any SIC proof must identify a contradiction be- 
tween noncontextual hidden variable theories (NCHVTs) 
and the predictions of QM for any possible state; in par- 
ticular, for a maximally mixed state. If the predictions 
refer to a maximally mixed state and only involve the 
vectors in C, then they must be expressed as some re- 
striction to the possible colorings of the vertices of Gc- 
We will show that, if x(Gc) = d, then there are color- 
ings which do not contradict any prediction of QM for 
this state. However, if xi^c) > d, then there is one 
prediction of QM which NCHVTs cannot reproduce. 

Consider a d-dimensional system in the state P — \ 
obtained after tracing out d—\ particles of the c?-particle 
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d- level system prepared in the supersinglet state 27 1 



\S. 



-1^ J2{-lY\^J...d), (1) 



of Ol.-.(d-l) 



where t is the number of transpositions of pairs of ele- 
ments that must be composed to place the elements in 
canonical order (i.e., 0, 1, 2, . . . , d — 1). For example, if 
d = 3. 
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(3)\ 



^(|012) - |021) - |102) + |120) + |201) - |210)). 

(2) 

iS^'^'' is the state of total spin zero of d particles of spin 
{d — l)/2. For us, the important property of this state 
is that it is cZ-lateral unitary invariant, i.e., the tensor 
product of d equal unitary operators U € SU{d) acting 
on sjf' produces the same state (within a possible phase 
factor which is physically irrelevant). That is, for any 

uesu{d), u^^is^f^) = l^^''^). 

Therefore, if the d particles are distributed among d 
distant parties, and each of them measures the d-outcome 
observable 



(3) 



Vi£b 



where b is an orthogonal basis in C U C", where C" is the 
set of vectors not included in C but needed to complete 
orthogonal bases using two ore more vectors of C. Then, 
each party will obtain a different result Ai, and their re- 
duced state will collapse to a different Vi G C U C . The 
same holds for every observable 0^^^\ since 

has 

an identical expression in any basis. This property im- 
plies that, any NCHVT reproducing QM should assign 
each Vi Cz C to only one party, satisfying that orthogo- 
nal Wi's should be assigned to different parties. However, 
this assignment is impossible if xi^c) > since it would 
constitute a proper d-coloring of Gc- 

Reciprocally, if a proper d-coloring exists, then it is 
possible to assign each G C to one party, satisfying 
that orthogonal ViS are assigned to different parties; thus 
NCHVTs exist which do not contradict any of the pre- 
dictions of QM for the state p — \ and the observables 
{\v^){v^\ and O^^'}) defined from C. ■ 

Graphs with x{Gc) > d do not exist in d = 2 (where 
the only possible connected graph is the one with two 
linked vertices), but exist in d = 3 and higher dimensions. 

Every KS set has x{Gc) > d. To prove it, notice that 
a KS set is one in which one cannot assign two colors, 
red and green, such that: (i) for every d mutually linked 
vertices, one of them is green and the other are all red, 
and (ii) two greens cannot be adjacent. Then, it is also 
impossible to assign d colors, green, redi,. . . , red^-i, sat- 
isfying (i), (ii), and the extra constraint that two rede's 
cannot be adjacent. 



However, the converse is not true: There are sets with 
x{Gc) > d which are not KS sets. For instance, the 
sets in Refs. [2^ and [2^ are not KS sets, but both have 
x{Gc) = 4 and d = 3. 

Theorem 2 (Yu and Oh's conjecture [25]): The 
smallest set of vectors in needed to prove SIC is the 
13-vector set S3 containing (0,0,1), (0,1,1), (0,1,-1), 
(1,1,1), (1,1,-1), and all the vectors obtained by per- 
muting their components. 

Proof: Let us denote by S,{G) the minimum d such that 
there exists a orthogonal representation of G in C*. An 
orthogonal representation of a graph in is an assign- 
ment of vectors in to the vertices of the graph such 
that two vertices are adjacent if and only if the vectors 
are orthogonal. There is no graph G with less than 13 
vertices such that £,{G) < 3 < x(G'). This can be checked 
by generating all non-isomorphic connected square-free 
graphs (since a square cannot represent the orthogonality 
relations of four different rays in C^), and then selecting 
those such that x(G) > 3. There is only one graph with 
less than 13 vertices such that x(G) > 3, but it contains 
a 10- vertex subgraph which cannot represent 10 different 
rays in C'^ (see Appendix). ■ 

S3 is a subset of the 33-vector KS set in Ref. [1] and 
its special noncoloring properties were pointed out in 
Ref. [2I]. The fact that the graph Gc associated to 
G ^ S3 has ^(Gc) < x(Gc) was observed in Ref. 0. A 
conjecture about S3 similar to Yu and Oh's can be found 
in an unpublished paper by DeVos et al. [30|. S3 has 
also attracted attention in relation to the rank-1 quan- 
tum chromatic number (3l| . 

The condition x(G'c) > d is necessary and sufficient 
for proving contextuality, assuming that the system is in 
a maximally mixed state. However, it is not sufficient for 
SIC when one of the vectors in C is orthogonal to all the 
other vectors in G. For example, consider the set S3+j = 
{(x,0,...,0) e I X e ^3} U {(0,0, 0,1,0,..., 0), 

(0,0,0,0,1,0,...,0),..., (0,...,0,1) e withj = 

0,1,2... The dimension is d = 3 -f j and the correspond- 
ing graph has chromatic number 4 + j. However, if the 
system is prepared in the state (0, 0, 0, 1, 0, ... , 0), then 
there is a NCHVT which fulfils all the predictions of QM. 

Interestingly, the necessary and sufficient condition for 
contextuality of the maximally mixed state plays a fun- 
damental role in quantum nonlocality. 

Theorem 3 (x(Gc) > d and nonlocal games): Ev- 
ery set C C C'' with graph Gc such that x(Gc) > d can 
be converted to a nonlocal game. 

Proof: The following game provides an example: d mu- 
tually incommunicated players claim that they can assign 
each of the Vi £ C to one of the players, satisfying the 
condition that orthogonal vectors are always assigned to 
different parties. To test this claim, in each run a ref- 
eree chooses a basis in G U G' for each player and asks 
him which vector of this basis he has. The players win 
if two conditions are simultaneously achieved, (i) When 
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the referee chooses two bases b = {vi,Vj, . . . ,Vd} and 
b' = {vi,Vj, . . . ,v'j}, one for each player, with a com- 
mon vector then these two players must never answer 
both Vi- In particular, this implies that, when the ref- 
eree chooses the same basis b for all players, all of them 
must answer a different vector of b. (ii) When the referee 
chooses the same basis b for all players except one (and 
each of them answers a different vector of 6), and chooses 
a basis b' = {vi, w^ , . . . , v'^} which contains the vector Vi 
of b that none of the players has answered for the remain- 
ing player, then this player must always answer Vi. 

No classical strategy allows the players to win this 
game in every instance, since x(Gc) > d implies that 
a proper d-coloring of Gc does not exist. However, the 
players can always win the game if, in each run, each 
of them has a d-level particle belonging to a d-particle 
system prepared in the supersinglet state \sjf^) given by 
measures on his particle the O^^^^ corresponding to 



the basis the referee is asking, and provides as answer the 
Vi corresponding to the obtained result A^. ■ 

However, the quantum strategy for winning the game 
in every instance vanishes if the prepared quantum state 
or the local measurements are imperfect. Testing non- 
locality in realistic laboratory conditions requires a Bell 
inequality. 

Theorem 4 {x{Gc) > d and Bell inequalities): 

Every set C C with graph Gc such that x(Gc) > d 
can be converted into a Bell inequality violated by QM. 

Proof: Consider d > 3 separated parties, each of them 
having a particle on which each party measures at ran- 
dom one of the d-outcome observables O^''^'^ defined in 
([3]). The result of any of these measurements can be 
labeled as A^, with i — 1, . . ., card(C U C"). If all mea- 
surements are spacelike separated, then the following Bell 
inequality holds: 



E 



Xi ,Xj ....,Xd} 



LHV QM 

< r^LKV < ^ 



QM, 



(4) 



where P (a„ A,|0^^"^^' O^^"^^' -^^'"^) is the joint 

probability that party p measures O^^'^'^^ " '^'^^ and 
obtains A^, and party q measures O^^^'^^'""^'^^ and 
also obtains Xi [this probability must be zero accord- 
ing to rule (i) in the proof of Theorem 3], and the 
corresponding sums extend to all possible pairs of 
observables with a common eigenvector and all pos- 
sible pairs {p, q) of parties; the second probability, 
P A,, . . . I . . Q{^^^-^^ -'^-i}y is the joint probability 

that party p measures 0^^'^'^^ " '^''^ and finds a result 
different than A^, and all the other parties measure 
Q{^i,^j,- -,^d} and obtain different results, all of them dif- 
ferent than Xi [this probability must be zero according to 
rule (ii) in the proof of Theorem 3] , and the correspond- 
ing sums extend to all to all possible pairs of observables 
with a common eigenvector and all parties p. 

In QM, if the system is a c?-level system in the state 
isjf"^) given by H]), and the parties measure the observ- 
ables 0{^'> given by ([3]), then all the joint probabilities 
in ([4]) are zero, thus the left-hand side of (jl]) attains its 
algebraic maximum given by the total number of joint 
probabilities appearing in This is the maximum of 
the left-hand side of (H]) in QM, denoted by ^Iqm- 



However, the maximum for local hidden variable theo- 
ries, denoted by r^LHV is strictly smaller than riqM- This 
can be proven by noting that r^LKV is always reached by 
some deterministic model in which a deterministic out- 
come is assigned to every local measurement, so all the 
probabilities in (j4|) can thus only equal to or 1. Suppose 
that a deterministic model attains J^qm, the model then 
specifies the outcomes for all local measurements such 
that every possible outcome is assigned to one party, 
and outcomes corresponding to orthogonal vectors are 
assigned to different parties. However, this is impossi- 
ble, since this implies a proper c?-coloring of Gc, which 
is impossible since we are assuming that xi^c) > d. 
Therefore, one concludes that r^LHV < ^^qm- ■ 

Hypothetical post-quantum theories not violating the 
no-signalling principle can give larger violations of the 
Clauser-Horne-Shimony-Holt Bell inequality than QM 
[3^ . However, there is a special class of Bell inequali- 
ties in which the maximum quantum violation is also the 
maximum violation allowed by the no-signalling princi- 
ple. The corresponding quantum correlations are called 
"fully nonlocal" and have many applications for informa- 
tion processing (see [2J| and references therein). It has 
been recently pointed out that Bell inequalities showing 
maximum or full nonlocality can be constructed from KS 
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sets [24']. Here we prove a stronger result. 

Theorem 5 {x{Gc) > d and maximum nonlo- 
cality): Every set C CZ with graph Gc such that 
x(Gc) > d can be used to reveal the maximum nonlocal- 
ity allowed by the no-signalling principle. 

Proof: The maximum quantum violation of the Bell 
inequality in the proof of Theorem 4 satisfies the no- 
signalling principle and is also the maximum algebraic 
violation. Therefore, it is the maximum violation satis- 
fying the no-signalling principle. ■ 

Conclusions and open questions. — In this Letter we 
have proven a recent conjecture by Yu and Oh 2S] , which 
allows us to conclude that the simplest proof of SIC in 
the simplest physical system capable of exhibiting SIC 
requires exactly 13 rank-1 projectors. This result will 
have impact in the design of experiments seeking SIC 
on qutrits and in the applications of SIC for information 
processing. 

In addition, we have shown that there is a deeper rea- 
son, beyond the one pointed out by KS @] and Bell [2, 
explaining why some sets of rank-1 projectors in QM re- 
veal SIC. We have provided a necessary condition for a 
set of rank-1 projectors to be able to reveal SIC, and 
show that this condition is also sufficient to prove con- 
textuality if the system is in the maximally mixed state. 
This condition is x{Gc) > d. We have also shown that 
sets of rank-1 projectors satisfying this condition exist in 
any (i > 3, and provided explicit examples with d + 10 
projectors. 

Moreover, we have shown that any set of projectors sat- 
isfying this condition, assisted with maximum c?-particle 
d-level entanglement, permits a proof of nonlocality with 
one peculiarity: The nonlocality is maximum in the sense 
that it cannot be outperformed by any nonsignalling re- 
sources. This establishes a connection between the nec- 
essary and sufficient condition for contextuality for max- 
imally mixed states and maximum nonlocality. A still 
open question is whether any proof of maximum non- 
locality can always be associated to a set of projectors 
satisfying this condition. 

These results take the connection between quantum 
contextuality and nonlocality a step further: It is known 
that contextuality together with entanglement provide 
nonlocality. Here we have shown that the existence of sets 
of observables capable to reveal contextuality for maxi- 
mally mixed states is a resource which, together with 
maximum entanglement (a different resource), permits 
nonlocality that cannot be improved without violating 
the no-signalling principle. 

Another interesting final question is the connection be- 
tween sets with x{Gc) > d and entanglement assisted 
zero-error capacity. It is known that KS sets can be used 
to increase the one-shot entanglement assisted zero-error 
capacity for classical messages [33[. A reasonable con- 
jecture is that the same should be possible for channels 
constructed from sets with x{Gc) > d. 




FIG. 1: The only square-free graph with less than 13 vertices 
and x{G) > 3. As shown in the Lemma, the 10-vertex sub- 
graph of the black vertices cannot represent 10 different rays 
in 
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APPENDIX 

From all graphs with less than 13 vertices free of 
squares (which can be obtained using nauty 34]), the 
only one such that x{G) > 3 is shown in Fig. [T] However, 
it contains a 10-vertex subgraph which cannot represent 
10 different rays in C^. 

Lemma: It is impossible to have 10 diff^erent rays vab , 

VAC, VAD, VBF, VBH, VCG, VDE, VEF, VEG, and VGH in 

such that rays sharing one letter are orthogonal. 
Proof: Without loss of generality, we can choose 
VAB = (1,0,0), VAC = (0,1,0), and vad = (0,0,1). 
Then, vbf = (0,ci,si), vbh = (0, si,-ci), vcG = 
(c2,0, S2), VDE = (c3,S3,0), where Ci = cos 9i and 
Si — sinOi. Then, vch — A^Gff (— S1S2, C1C2, S1C2) and 
vef = Nef{siS3, ~siC3,ciC3), where Njk are the corre- 
sponding normalization factors. If veg niust be orthogo- 
nal to VCG and vgh, then veg = Neg{ciC2S2, si, -cic^). 
On the other hand, if veg niust be orthogonal io vee 
&TidvEF, then w^jG = Neg{—Cic^s^,cic\, si). Therefore, 
$2 — — s|, which only admits the solution S2 = S3 = 0, 
which is not admissible because vcg and vab are as- 
sumed to be different rays. ■ 
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